Using the nonlinear constraint and Darboux transformation methods, the (m 1 , · · · , m N ) localized solitons of the hyperbolic su(N) AKNS system are constructed. Here "hyperbolic su(N)" means that the first part of the Lax pair is Ψ y = JΨ x + U (x, y, t)Ψ where J is constant real diagonal and U * = −U . When different solitons move in different velocities, each component U ij of the solution U has at most m i m j peaks as t → ∞. This corresponds to the (M, N ) solitons for the DSI equation. When all the solitons move in the same velocity, U ij still has at most m i m j peaks if the phase differences are large enough.
Introduction
Since the discovery of localized solitons for the DSI equation, [1 ] the (M, N) solitons, [5 ] especially the (N, N) solitons, are discussed in various ways, such as the inverse scattering method, [2, 6, 10, 15, 16 ] , the binary Darboux transformation method, [14] the Hirota method etc. [11] On the other hand, the nonlinear constraint method [3 ] has been developed for 1+2 dimensional problems since the work of [12, 4] . Using the Darboux transformation in higher dimensions [7, 9] , the solutions can be obtained explicitly. In [17] , the non-localized solutions of the N-wave equation were derived in this way. In [18] , the localized soliton solutions of the hyperbolic su(N) AKNS system were discussed by nonlinear constraint method which transforms the original problem to a 2N ×2N linear system which separates all the variables. It shows that, if the velocities of the solitons are all different, there are Darboux transformations of rth degree such that the asymptotic solution has at most r 2 peaks. However, the velocities are not arbitrary. For example, the velocities of "1-soliton" should be along the y-axis. In [13] , a localized one-soliton solution of the DSIII equation was obtained by nonlinear constraint method which transforms the original problem to an (N + 1) × (N + 1) linear system which separates all the variables.
In this paper, we show that under the nonlinear constraint, there is a way to construct Darboux transformation so that the number of peaks and the values of velocities have more freedom. This construction is valid for all the lower ordered equations in the hyperbolic su(N) AKNS system, including the DSI equation jk also has at most m j m k peaks as the phase differences are large enough.
The system and its nonlinear constraints
Here we consider the hyperbolic su(N) AKNS system
where ∂ = ∂/∂x, J = diag(J 1 , · · · , J N ) is a real constant diagonal N × N matrix with mutually different entries. U(x, y, t) is off-diagonal with U * = −U. In this case, we call (1) a hyperbolic su(N) AKNS system, since J is real and U ∈ su(N).
The integrability conditions of (1) are
where the superscripts D and A refer to the diagonal and off-diagonal parts of a matrix. As mentioned in [18] , (3) and (4) give a system of nonlinear PDEs of U and all the diagonal parts of V j 's, where V j 's are determined by (2) respectively. Usually, only U is physically significant.
There is a connection of (1) with the linear system
where
This is a slight generalization of the linear system in [18] , where K should be N.
The integrability conditions of (5) include
where Ω j (t)'s are real diagonal matrices and Z 0 j (t)'s are real matrices. When Z 0 j (t) = ζ j (t)I K (I K is the K × K identity matrix) where ζ j (t) is a real function of t, (6) is just the Lax pair (1) for n = 1, 2, 3. (7) and (9) give the recursion relations to determine W j , X j , Z j , together with the evolution equations corresponding to (2)-(4), which are the integrability conditions of (1) . (8) gives a nonlinear constraint between U and F .
This system includes the DSI equation and the N-wave equation as special cases.
In order to consider the asymptotic behavior of the solution U, here we suppose Ω j is independent of t and ζ j = 0. Denote Ω = n j=0 Ω j λ n−j and write
We need the following symbols and simple conclusions.
where v = 0 is an K × 1 vector, a = 0 is a number. Let
Then we have
where 
Darboux transformation and soliton solutions
Now we construct the solutions from U = 0, F = 0. A procedure to construct the Darboux transformation was proposed in [18] .
Let λ α (α = 1, 2, · · · , r) be r complex numbers such that λ α = λ β for α = β and λ α =λ β for all α, β. Take
κ α is a constant K × 1 nonzero vector which appears at the l α 's column of C α . Let
The Darboux matrices for such {Λ α , H α } can be constructed as follows. Let
then G(λ) is a polynomial of λ of degree r. The permutability [8 ] implies that if
then
For the problem (5) with U = F = 0, we have Q α = iλ α (x + Jy) + iΩ(λ α )t, where s can be t or other parameters. The matrix G(λ) given by (22) is a Darboux matrix, that is, for any solution Φ of (5), GΦ satisfies (5) with certain U, F , W j ,
is actually the derived solution of (9). Owing to the choice of H α in (17), U
[m] is globally defined. Here we first consider the generalized Q α (s) in (18) so that the localization, asymptotic properties etc. can be treated uniformly.
Proposition 1 (1) If there is at most one
and as s → ∞,
where A αβ , δ
αβ , δ Proof. First suppose ρ α = 0. By (14) and (15),
E jk is an N × N matrix whose (j, k)th entry is 1 and the rest entries are zero. For β = α,
Therefore, if ρ α = 0, the action of the limit Darboux matrix λ − S ±∞ α on H β (β = α) does not change the form of H β , but only changes the constant vector
Now suppose ρ α = 0. Without loss of generality, suppose l α = 1. Then
By (13),
(33) where ∆ = exp(π α +π α ) + κ * α κ α . Part (1) of the proposition is derived as follows. Owing to the permutability of Darboux transformations, we can suppose ρ 1 = 0, · · ·, ρ r−1 = 0, ρ r = 0. Then, as s → ∞, G (α) tends to a diagonal matrix for α ≤ r − 1. Considering (33), the limit of (G (r) (λ)) B N is also diagonal, hence
Now we turn to prove part (2) of the proposition. First, suppose r = 2. We use an alternate way of constructing Darboux matrices. [18] Let
and
Case (i):
where Γ jk 's are N × N diagonal matrices.
where Σ jk 's are also N × N diagonal matrices.
This implies that U
[m] = 0. Case (ii): l α = l β . SupposeH α ,H β are given by (38) with l β = l α . Denote
then, by direct computation, we have
When r > 2, we still use the permutability of Darboux transformations and suppose ρ 1 = 0, · · ·, ρ r−2 = 0, ρ r−1 = ρ r = 0. Then, after the action of
has the same asymptotic form as H r−1 , H r , provided that the constant vectors κ r−1 , κ r are changed to κ (r−2) r−1 , κ (r−2) r . Therefore, as in the case r = 2, the limit of U l r−1 ,lr has the desired form, and the limits of the other components of U are all zero. The proposition is proved.
Localization of the solutions
Now we consider (5), For this system,
We consider the limit of the solution as (x, y) → ∞ along a straight line x = ξ+v x s,
If there is at most one ρ α = 0, then Proposition 1 implies that U 
Asymptotic behavior of the solutions as t → ∞
Now we use a frame (ξ, η) which moves in a fixed velocity (v x , v y ), that is, let
Suppose that for mutually different α, β, γ,
Then there are at most two ρ α = 0 (α = 1, · · · , r). By Proposition 1, U
[m] lα,l β → 0 only if ρ α = 0, ρ β = 0. This leads to
For U jk has at most m j m k peaks whose velocities are given by (49) (l α = j, l β = k).
If a peak has velocity
αβ are real constants, A αβ > 0, and B αβ is a complex constant,
Remark: The condition (47) implies that the velocities of the solitons are all different. This is true for the DSI equation. However, for the N-wave equation, all the solitons move in the same velocity. We will discuss this problem in the next section.
Example: DSI equation Let n = 2, N = 2,
then we have [m] → 0 as (x, y) → ∞ in any directions. If Re λ α = Re λ β for α = β and l α = l β , then, theorem 2 implies that as t → ∞, u has at most m 1 m 2 peaks (m 1 + m 2 = r). From (48), σ α = −4J lα Re λ α , hence (49) implies that each peak has the velocity v x = 2 Re(λ α − λ β ), v y = 2 Re(λ α + λ β ) (l α = 1, l β = 2). This is the (m 1 , m 2 ) solitons. [5 ] When K = 1, these peaks do not vanish if and only if κ α 's are all nonzero. Fig. 1 -3 shows the solitons u [1, 3] , u [2, 3] and u [3, 3] respectively. The parameters are K = 1, t = 2, 0) . Some techniques on drawing such figures were explained in [19] . Fig. 1 . u [1, 3] of the DSI equation Fig. 2 . u [2, 3] of the DSI equation Fig. 3 . u [3, 3] of the DSI equation
Asymptotic solutions as the phases differences tend to infinity
For the equations whose solitons move in the same speed, like the N-wave equation, the peaks do not separate as t → ∞. However, we can still see some peaks in the figures. [20 ] In [20] , we obtained the asymptotic behavior of the r 2 solitons. Here we will get the corresponding asymptotic properties of more general solitons obtained in this paper. We have Theorem 3 Let p α (α = 1. · · · , r) be constant real numbers satisfying
and construct the Darboux transformations as above. Let
Proof. As in §4, here
hence the real part of the coefficient of τ in Q α (τ ) is
Condition (56) implies that there are at most two ρ α 's such that ρ α = 0. According to Proposition 1, as τ → ∞, U
[m]
jk → 0 only if there exist ρ α = 0, ρ β = 0, α = β, l α = j, l β = k. Therefore, the theorem is verified.
When the condition (47) holds, this theorem is useless, because the evolution will always separate the peaks, However, when (47) does not hold, especially when it is never satisfied, this theorem reveals a fact of the separation of the peaks.
Example: N-wave equation
is a constant real diagonal matrix such that L j = L k for j = k. Then, the integrability conditions (6) - (9) imply Remark: Here τ → ∞ means that the phase differences of different peaks tend to infinity. Therefore, the peaks are separated by enlarging the phase differences.
Here are the figures describing the solutions U , only U 23 has two peaks, and for U [1, 1, 2] , U 12 , U 13 , U 23 have one, two, two peaks respectively.
